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GEODESIC-EINSTEIN METRICS AND NONLINEAR STABILITIES
HUITAO FENG1, KEFENG LIU2, AND XUEYUAN WAN
Abstract. In this paper, we introduce notions of nonlinear stabilities for a relative ample
line bundle over a holomorphic fibration and define the notion of a geodesic-Einstein metric
on this line bundle, which generalize the classical stabilities and Hermitian-Einstein metrics
of holomorphic vector bundles. We introduce a Donaldson type functional and show that this
functional attains its absolute minimum at geodesic-Einstein metrics, and we also discuss the
relations between the existence of geodesic-Einstein metrics and the nonlinear stabilities of
the line bundle. As an application, we will prove that a holomorphic vector bundle admits a
Finsler-Einstein metric if and only if it admits a Hermitian-Einstein metric, which answers a
problem posed by S. Kobayashi.
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Introduction
In this paper, we study the triple (X ,M,L), where π : X → M is a holomorphic fibration
with dimM = m and dimX = m + n, which means that π : X → M is a proper surjective
holomorphic mapping between complex manifolds X and M whose differential has maximal
rank everywhere such that every fiber is a compact complex manifold, and L→ X is a relative
ample line bundle over X , i.e. there exists a metric φ (more precisely, e−φ is a metric) on L
such that
√−1∂∂¯X/Mφ > 0 fiberwise. Such a metric φ is called an admissible metric on L. We
always assume in this paper that X is compact and M is a compact Ka¨hler manifold with a
fixed Ka¨hler form ω.
1 Partially supported by NSFC(Grant No. 11221091, 11271062, 11571184) and the Fundamental Research
Funds for the Central Universities.
2 Partially supported by NSF (Grant No. 1510216);
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For any admissible metric φ on L, the geodesic curvature c(φ) of φ, which is a horizontal
(1, 1) form on X , is defined by (cf. [11], Definition 2.1):
c(φ) =
(
φαβ¯ − φαl¯φkl¯φkβ¯
)√−1dzα ∧ dz¯β ,(0.1)
here the notations φαβ¯ , φαl¯ and φ
kl¯ are defined in the Section 1.1.
The geodesic curvature c(φ) plays an important role in many aspects (see, e.g. [1], [11],
[22], [26]). For the case of canonically polarized family, i.e., each fiber with c1 < 0, the unique
Ka¨hler-Einstein metric on each fiber defines a metric φ on the relative canonical bundle KX/M .
By proving the positivity of geodesic curvature c(φ) along any curve, Schumacher [22] proved
that KX/M is a positive line bundle if the family is nowhere infiniesimally trivial.
When dimM = 1, the equation c(φ) = 0 is equivalent to the famous homogenous complex
Monge-Ampe`re equation (
√−1∂∂¯φ)n+1 = 0 (cf. [9], [23]), which plays a crucial role in a lot of
related important problems. Note that in this case, the equation c(φ) = 0 can be also written
as trωc(φ) = 0 for any metric ω on M . Inspired by this, for a general holomorphic fibration
π : X → M over a compact Ka¨hler manifold (M,ω = √−1gαβ¯dzα ∧ dz¯β), we introduce the
notion of a geodesic-Einstein metric on L with respect to ω. We say that an admissible metric
φ on L is geodesic-Einstein with respect to ω if
trωc(φ) = g
αβ¯
(
φαβ¯ − φαl¯φkl¯φkβ¯
)
= λ,(0.2)
where λ is a constant.
In this paper, we mainly study the relations between the existence of geodesic-Einstein
metrics on L and certain notions of stability of L.
In Section 1, we first introduce the following Donaldson type functional L on the space
F+(L) of admissible metrics on L: for any fixed ψ ∈ F+(L) and any φ ∈ F+(L)
L(φ,ψ) =
∫
M
(
λ
m
E(φ,ψ) ∧ ω − 1
n+ 1
E1(φ,ψ)
)
ωm−1
(m− 1)! ,(0.3)
where E and E1 are given by (1.12) and (1.13) in this paper. This functional can be viewed
as a generalization of the famous Donaldson functional in the family case. By computing the
first variation of the functional (0.3), we can show that the critical points of this functional L
coincide with the geodesic-Einstein metrics on L (see Proposition 1.4). Moreover, by using X.
Chen’s geodesic approximation lemma (cf. [5], Lemma 7; also [13], Lemma 2.3), we get the
following theorem:
Theorem 0.1. The functional L(·, ψ) attains its absolute minimum at the geodesic-Einstein
metrics on L.
The famous Donaldson-Uhlenbeck-Yau theorem reveals the deep relationship between the
stability of a holomorphic vector bundle and the existence of Hermitian-Einstein metrics (cf.
[21], [6], [7], [8], [25]). In Section 2, we introduce the notions of the nonlinear semistability
(stability) and the nonlinear polystablity associated to a triple (X ,M,L) and discuss the re-
lationships between the existence of geodesic-Einstein metrics on L and these stabilities. We
have
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Theorem 0.2. For a triple (X ,M,L), if L admits a geodesic-Einstein metric, then the triple
(X ,M,L) is nonlinear semistable and nonlinear polystable.
To get a full understanding of the relationships among the notions of the geodesic-Einstein
metric, nonlinear semistability and the nonlinear polystability would be an interesting problem.
For example, we could ask whether there exists a geodesic-Einstein metric for a nonlinear
polystable triple (X ,M,L).
As an application, in Section 3, we study the special triple (P (E),M,OP (E)(1)) associated
to a holomorphic vector bundle E →M . By the Kobayashi correspondence (cf. [16], [12], [13]),
a Finsler metric G on E induces a natural admissible metric on OP (E)(1). In this case, we
can prove that the induced metric on OP (E)(1) is geodesic-Einstein if and only if G is Finsler-
Einstein. So for a Finsler-Einstein vector bundle E →M , we know from Theorem 0.2 that the
associated triple (P (E),M,OP (E)(1)) is nonlinear semistable and nonlinear polystable. Also
recall that a Finsler-Einstein vector bundle E → M is semistable (cf. [13]). Here a natural
question is whether a Finsler-Einstein vector bundle admits a Hermitian-Einstein metric.
In [19] S. Kobayashi extended the concept of the Hermitian-Einstein metric to the setting of
complex Finsler geometry, he introduced the definition of a Finsler-Einstein metric on a holo-
morphic vector bundle. Furthermore, S. Kobayashi raised in [19] the following open problem:
Problem: What are the algebraic geometric consequences of the Finsler-Einstein condition?
The first question in this regard is whether every Einstein-Finsler vector bundle is semi-stable
or not?
By using the Berndtsson’s construction of the L2-metric on the direct image bundle E =
π∗(KX/M + L) (cf. [2]), we can answer the problem completely.
Theorem 0.3. E admits a Finsler-Einstein metric if and only if E admits a Hermitian-
Einstein metric. Therefore, the existence of Finsler-Einstein metrics is equivalent to polystable
of the holomorphic vector bundle.
Acknowledgement: The third author would like to express his gratitude to Professor Bo
Berndtsson and Professor Robert Berman for numerous helpful discussions about this paper.
The authors would like to thank the anonymous referee for valuable comments which helped
to improve the paper.
1. Geodesic-Einstein metrics and a Donaldson type functional
In this section, we first introduce the notion of a geodesic-Einstein metric on L, and then
introduce a Donaldson type functional on F+(L) and prove that this functional attains its
absolute minimum at the geodesic-Einstein metrics on L.
1.1. Geodesic-Einstein metrics. Let π : X → M be a holomorphic fibration with com-
pact fibres. Let L be a relative ample line bundle over X . As usual, we denote by (z; v) =
(z1, · · · , zm; v1, · · · , vn) a local admissible holomorphic coordinate system of X with π(z; v) = z.
For any smooth function φ on X , we denote
φα :=
∂φ
∂zα
, φβ¯ :=
∂φ
∂z¯β
, φi :=
∂φ
∂vi
, φj¯ :=
∂φ
∂v¯j
,
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where 1 ≤ i, j ≤ n, 1 ≤ α, β ≤ m.
Set
F+(L) := {φ|φ is an admissible metric onL}.
For any φ ∈ F+(L), set
δ
δzα
:=
∂
∂zα
− φαj¯φj¯k
∂
∂vk
.(1.1)
By a routine computation, one can show that { δδzα }1≤α≤m spans a well-defined horizontal
subbundle of TX . In fact, for any two local admissible coordinate neighborhoods {UA, (zA, vA)}
and {UB , (zB , vB)}, if UA ∩ UB 6= ∅, one has the following holomorphic functions:
zB = zB(zA), vB = vB(zA, vA).(1.2)
So
∂2φ
∂viA∂v¯
j
A
=
∂2φ
∂vkB∂v¯
l
B
∂vkB
∂viA
∂vlB
∂vjA
(1.3)
and
∂2φ
∂zαA∂v¯
j
A
=
∂
∂zαA
(
∂φ
∂v¯lB
∂vlB
∂vjA
)
=
(
∂zγB
∂zαA
∂2φ
∂v¯lB∂z
γ
B
+
∂vkB
∂zαA
∂2φ
∂vkB∂v¯
l
B
)
∂vlB
∂vjA
.(1.4)
From (1.3) and (1.4), one has
δ
δzαA
=
∂
∂zαA
− ∂
2φ
∂zαA∂v¯
j
A
(
∂2φ
∂viA∂v¯
j
A
)−1
∂
∂viA
=
∂zγB
∂zαA
∂
∂zγB
+
∂vkB
∂zαA
∂
∂vkB
−
(
∂zγB
∂zαA
∂2φ
∂v¯lB∂z
γ
B
+
∂vkB
∂zαA
∂2φ
∂vkB∂v¯
l
B
)
∂vlB
∂vjA
(
∂2φ
∂viA∂v¯
j
A
)−1
∂vsB
∂viA
∂
∂vsB
=
∂zγB
∂zαA
∂
∂zγB
+
∂vkB
∂zαA
∂
∂vkB
−
(
∂zγB
∂zαA
∂2φ
∂v¯lB∂z
γ
B
+
∂vkB
∂zαA
∂2φ
∂vkB∂v¯
l
B
)(
∂2φ
∂vsB∂v¯
l
B
)−1
∂
∂vsB
=
∂zγB
∂zαA
(
∂
∂zγB
− ∂
2φ
∂v¯lB∂z
γ
B
(
∂2φ
∂vsB∂v¯
l
B
)−1
∂
∂vsB
)
=
∂zγB
∂zαA
δ
δzγB
.
(1.5)
Therefore, { δδzα }1≤α≤m spans a subbundle of TX .
Let {dzα; δvk} denote the dual frame of { δδzα ; ∂∂vi}. One has
δvk = dvk + φkl¯φl¯αdz
α.
Moreover, the differential operators
∂V =
∂
∂vi
⊗ δvi, ∂H = δ
δzα
⊗ dzα.(1.6)
are well-defined.
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For any φ ∈ F+(L), the geodesic curvature c(φ) of φ (cf. [11], Definition 2.1) is defined by
c(φ) =
(
φαβ¯ − φαj¯φij¯φiβ¯
)√−1dzα ∧ dz¯β ,(1.7)
which is clearly a horizontal real (1, 1) form on X . From the following lemma, one sees that
the geodesic curvature c(φ) of φ is also well-defined.
Lemma 1.1. The following decomposition holds,
√−1∂∂¯φ = c(φ) +√−1φij¯δvi ∧ δv¯j .(1.8)
Proof. By a direct computation, one has
c(φ) +
√−1φij¯δvi ∧ δv¯j =
√−1(φαβ¯ − φαl¯φkl¯φkβ¯)dzα ∧ dz¯β
+
√−1φij¯(dvi + φil¯φl¯αdzα) ∧ (dv¯j + φj¯kφkβ¯dz¯β)
=
√−1(φαβ¯dzα ∧ dz¯β + φαj¯dzα ∧ dv¯j + φiβ¯dvi ∧ dz¯β + φij¯dvi ∧ dv¯j)
=
√−1∂∂¯φ.

Definition 1.2. Let ω =
√−1gαβ¯dzα ∧ dz¯β be a (fixed) Ka¨hler metric on M . A metric
φ ∈ F+(L) is called a geodesic-Einstein metric on L with respect to ω if it satisfies that
trωc(φ) := g
αβ¯
(
φαβ¯ − φαj¯φij¯φiβ¯
)
= λ,(1.9)
where λ is a constant.
Proposition 1.3. Let φ be a geodesic-Einstein metric on L. Then
λ =
2πm
n+ 1
([ω]m−1c1(L)
n+1)[X ]
([ω]mc1(L)n)[X ] .(1.10)
So λ is a topological quantity depending only on the classes c1(L) and [ω].
Proof. Since φ ∈ F+(L) is a geodesic-Einstein metric, one has
trωc(φ)ω
m ∧ (√−1∂∂¯φ)n = mc(φ) ∧ ωm−1 ∧ (
√−1∂∂¯φ)n
= mωm−1 ∧ (√−1∂∂¯φ)n+1,
(1.11)
where (•)r := (•)r/r!. Taking integral over X to the both sides of (1.11), one gets
λ =
m
∫
X ω
m−1 ∧ (√−1∂∂¯φ)n+1∫
X ω
m ∧ (√−1∂∂¯φ)n
=
2πm
n+ 1
([ω]m−1c1(L)
n+1)[X ]
([ω]mc1(L)n)[X ] ,
which depends only on the classes [ω] and c1(L). 
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1.2. A Donaldson type functional. For any fixed metric ψ ∈ F+(L) on L and any φ ∈
F+(L), we define the following two functionals E , E1:
E(φ,ψ) = 1
n+ 1
∫
X/M
(φ− ψ)
n∑
k=0
(
√−1∂∂¯φ)k ∧ (√−1∂∂¯ψ)n−k(1.12)
and
E1(φ,ψ) = 1
n+ 2
∫
X/M
(φ− ψ)
n+1∑
k=0
(
√−1∂∂¯φ)k ∧ (√−1∂∂¯ψ)n+1−k.(1.13)
Note that E(φ,ψ) is a smooth function, while E1(φ,ψ) is a smooth real (1, 1)-form on M .
Now we introduce the following Donaldson type functional L on F+(L) by defining
L(φ,ψ) =
∫
M
(
λ
m
E(φ,ψ) ∧ ω − 1
n+ 1
E1(φ,ψ)
)
ωm−1
(m− 1)! ,(1.14)
where λ is the constant given by (1.10).
Given any smooth family φt of admissible metrics on L, one has
d
dt
E(φt, ψ) = 1
n+ 1
∫
X/M
φ˙t
n∑
k=0
(
√−1∂∂¯φt)k ∧ (
√−1∂∂¯ψ)n−k
+
1
n+ 1
∫
X/M
(φt − ψ)
n∑
k=0
k(
√−1∂∂¯φt)k−1 ∧ (
√−1∂∂¯ψ)n−k ∧ √−1∂∂¯φ˙t
=
1
n+ 1
∫
X/M
φ˙t
n∑
k=0
(
√−1∂∂¯φt)k ∧ (
√−1∂∂¯ψ)n−k
+
1
n+ 1
∫
X/M
φ˙t
n∑
k=0
k(
√−1∂∂¯φt)k ∧ (
√−1∂∂¯ψ)n−k
− 1
n+ 1
∫
X/M
φ˙t
n∑
k=0
k(
√−1∂∂¯φt)k−1 ∧ (
√−1∂∂¯ψ)n−k+1
=
∫
X/M
φ˙t(
√−1∂∂¯φt)n.
Similarly, one has
d
dt
E1(φt, ψ) ≡
∫
X/M
φ˙t(
√−1∂∂¯φt)n+1, mod Im∂ + Im∂¯.
Therefore, one gets the following first variation of the Donaldson functional L(·, ψ),
− d
dt
L(φt, ψ) =
∫
X
(
1
n+ 1
φ˙t(
√−1∂∂¯φt)n+1 − λ
m
φ˙t(
√−1∂∂¯φt)n ∧ ω
)
ωm−1
(m− 1)!
=
∫
X
φ˙t(c(φt)− λ
m
ω) ∧ (√−1∂∂¯φt)n ∧ ω
m−1
(m− 1)!
=
∫
X
φ˙t(trωc(φt)− λ)(
√−1∂∂¯φt)n ∧ ω
m
m!
.
(1.15)
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Proposition 1.4. φ ∈ F+(L) is a geodesic-Einstein metric if and only if φ is a critical point
of L(·, ψ) on F+(L).
Proof. One direction is easy. If φ ∈ F+(L) is a geodesic-Einstein metric, then for any smooth
curve φt ∈ F+(L) with φ0 = φ, one has by (1.15),
d
dt
|t=0L(φt, ψ) = 0.
So φ is a critical point of L(·, ψ) on F+(L).
Conversely, if φ is a critical point of L(·, ψ), then by taking the following variation
φ˙t = trωc(φt)− λ,
one gets
0 =
∫
X
(trωc(φt)− λ)2(
√−1∂∂¯φ)n ∧ ω
m
m!
,
and so
trωc(φ)− λ = 0,
i.e. φ ∈ F+(L) is a geodesic-Einstein metric. 
For the space of admissible metrics F+(L), one may consider the following geodesic equation
ct(φt) := φ¨t − |∂V φ˙t|2φt = 0.(1.16)
We view t as a complex parameter and then φt in (1.16) does not depend on the imaginary
part of t. Moreover, we have
(
√−1∂∂¯X/M,tφ)n+1 = (n+ 1)(φ¨t − |∂V φ˙t|2φt)
√−1dt ∧ dt¯ ∧ (∂∂¯X/Mφ)n = 0.(1.17)
Following X. Chen’s method (cf. [5]), one shows easily that there exists a C1,1-solution for
the geodesic curve equation (1.17), and moreover, this C1,1-solution can be approximated by
a family of smooth solutions of the following equation
(
√−1∂∂¯X/M,tφ)n+1 = ǫ(n+ 1)(
√−1∂∂¯X/Mψ)n
√−1dt ∧ dt¯(1.18)
for any ǫ > 0 and a fixed metric ψ ∈ F+(L). Furthermore, the following analogue of Lemma 7
in [5] holds:
Lemma 1.5 (X. Chen, [5], Lemma 7). The equation (1.18) has a smooth solution φt,ǫ ∈ F+(L)
for any small ǫ > 0 and any two given initial metrics φ0, φ1 ∈ F+(L). Moreover, φt,ǫ converges
uniformly to a C1,1 solution φt of the equation (1.17) as ǫ→ 0, and φt,ǫ has a uniformly bound,
i.e. there is a constant C independent of t and ǫ such that |φt,ǫ − ψ| < C.
For a family of smooth metrics φt ∈ F+(L), one has
L(φt, ψ) =
∫
X
(
λ
n+ 1
(φt − ψ)
n∑
k=0
(
√−1∂∂¯φt)k ∧ (
√−1∂∂¯ψ)n−k ∧ ω
m
m!
+
1
(n+ 1)(n + 2)
(φt − ψ)
n+1∑
k=0
(
√−1∂∂¯φt)k ∧ (
√−1∂∂¯ψ)n+1−k ∧ ω
m−1
(m− 1)!
)
,
(1.19)
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and so
√−1∂∂¯tL(φt, ψ) =
∫
X
(
λ
n+ 1
(
√−1∂∂¯φt)n+1 ∧ ω
m
m!
− 1
(n+ 1)(n + 2)
(
√−1∂∂¯φt)n+2 ∧ ω
m−1
(m− 1)!
)(1.20)
=
∫
X
((
|∂H φ˙t|2ω − (φ¨tt¯ − |∂V φ˙t|2φt)(trωc(φt)− λ)
)
(
√−1∂∂¯φt)nω
m
m!
)√−1dt ∧ dt¯.
Since φt is independent of the imaginary part of t, one gets
d2
dt2
L(φt, ψ) =
∫
X
(
|∂H φ˙t|2ω − (φ¨tt¯ − |∂V φ˙t|2φt)(trωc(φt)− λ)
)
(
√−1∂∂¯φt)nω
m
m!
≥ −
∫
X
(φ¨t − |∂V φ˙t|2φt)(trωc(φt)− λ)(
√−1∂∂¯φt)nω
m
m!
.
(1.21)
Theorem 1.6. For any fixed metric ψ ∈ F+(L), the functional L(·, ψ) attains the absolute
minimum at geodesic-Einstein metrics.
Proof. Assume φ0 is a geodesic-Einstein metric on L. For any φ1 ∈ F+(L) and any ǫ > 0, by
Lemma 1.5, one can connect φ0 and φ1 by a path of solutions φt,ǫ of the equation (1.18). From
(1.21), one has
d2
dt2
L(φt, ψ) ≥ −ǫ
∫
X
(trωc(φt,ǫ)− λ)(
√−1∂∂¯ψ)nω
m
m!
.(1.22)
Let {ρA} be a partition of unity subordinate to some open covering {UA} of X , where
1 ≤ A ≤ N . Let η be a local smooth function satisfying ηdV = (√−1∂∂¯ψ)n ωmm! , where
dV = (
√−1dz1 ∧ dz¯1)∧ · · · ∧ (√−1dzm ∧ dz¯m)∧ (√−1dv1 ∧ dv¯1)∧ · · · ∧ (√−1dvn ∧ dv¯n). Then
∫
X
trωc(φt,ǫ)(
√−1∂∂¯ψ)nω
m
n!
=
N∑
A=1
∫
UA
ρAtrωc(φt,ǫ)ηdV
=
N∑
A=1
∫
UA
gαβ¯
(
(φt,ǫ)αβ¯ − (φt,ǫ)αj¯(φt,ǫ)ij¯(φt,ǫ)iβ¯
)
ρAηdV
≤
N∑
A=1
∫
UA
gαβ¯(φt,ǫ)αβ¯ρAηdV =
N∑
A=1
∫
UA
φt,ǫ∂α∂β¯(g
αβ¯ρAη)dV.
Since φt,ǫ has a uniform bound, there exists a uniform constant C0 > 0 such that∫
X
trωc(φt,ǫ)(
√−1∂∂¯ψ)nω
m
n!
≤ C0.
Thus by (1.22), one gets
d2
dt2
L(φt,ǫ, ψ) ≥ −ǫ (C0 − λ((2πc1(L)n)[ω]m)[X ]/(m!)) ≥ −ǫC1
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for some C1 > 0. Then by the Taylor expansion of L(φt, ψ), one obtains that
L(φ1, ψ) = L(φ0, ψ) + d
dt
|t=0L(φt,ǫ, ψ) + 1
2!
(
d2
dt2
|t=ξL(φt,ǫ, ψ))
≥ L(φ0, ψ) + d
dt
|t=0L(φt,ǫ, ψ) − ǫC1
2
(1.23)
for some ξ ∈ [0, 1]. Since φ0 is a geodesic-Einstein metric on L, so ddt |t=0L(φt, ψ) = 0 for any
smooth curve φt. Taking ǫ→ 0 to the both sides of (1.23), one has
L(φ1, ψ) ≥ L(φ0, ψ).(1.24)

Let M be a projective manifold with an ample line bundle H. There exists a Hermitian
metric ‖ · ‖H on H such that first Chern form c1(H, ‖ · ‖H) of H is positive. Denote ωH =
c1(H, ‖ · ‖H), which is a Ka¨hler metric on M . For any closed hypersurface V in M defined by
some holomorphic section s of H, we have
Proposition 1.7. Let π : X → M be a holomorphic fibration with dimM ≥ 2, L → X a
relative ample line bundle. Then with respect to ωH , the Donaldson type functional LM (φ,ψ)
and LV (φ,ψ) verifies that
LM (φ,ψ) ≥ 1
m− 1LV (φ,ψ) − Cmaxp∈M
∫
Xp
(trωH c(φ)− λ)2(
√−1∂∂¯φ)n − C1(1.25)
for some constants C,C1. Here we considered the restrictive fibration X → V (→֒ M), the
LV (φ,ψ) is given by
LV (φ,ψ) = 1
(m− 2)!
∫
V
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H .
Proof. Note that by Lelong-Poincare´ theorem (cf. [14]), one has
√−1
2π
∂¯∂ log ‖s‖2H =
√−1
2π
∂¯∂ log |s|2 + c1(H, ‖ · ‖H)
= −Div(s) + c1(H, ‖ · ‖H).
We may and will assume that ‖s‖H ≤ 1, which can be done by scaling the metric ‖·‖H suitably.
Thus √−1
2π
∫
M
log ‖s‖2H ∧ ∂∂¯η =
∫
V
η −
∫
M
c1(H, ‖ · ‖H) ∧ η
for any (n − 1, n− 1) form η. Thus, for any k ≥ 1, one has
([ωH ]
kc1(L)
m+n−k)[X ] = ([ωH ]kπ∗(c1(L)m+n−k))[M ]
= ([ωH ]
k−1π∗(c1(L)
m+n−k))[V ]
= ([ωH ]
k−1c1(L)
m+n−k)[X|V ],
(1.26)
where X|V := π−1(V ). From (1.26) and (1.10), one knows that λm =
λX|V
m−1 , where λX|V is
defined by (1.10) associated to the holomorphic fibration X|V → V .
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Therefore, with respect to the Ka¨hler metric ωH , one has
(m− 1)!LM (φ,ψ) =
∫
M
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−1H
=
∫
V
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H
−
√−1
2π
∫
M
log ‖s‖2H∂∂¯
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H
= (m− 2)!LV (φ,ψ) −
√−1
2π
∫
M
log ‖s‖2H∂∂¯
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H .
(1.27)
Note that
√−1∂∂¯E(φ,ψ) = 1
n+ 1
(
π∗((
√−1∂∂¯φ)n+1)− π∗((
√−1∂∂¯ψ)n+1))
and √−1∂∂¯E1(φ,ψ) = 1
n+ 2
(
π∗((
√−1∂∂¯φ)n+2)− π∗((
√−1∂∂¯ψ)n+2)) .
Therefore, the second term on the right hand side of (1.27) amounts to
∫
M
log ‖s‖2H
√−1∂∂¯
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H
=
1
n+ 1
∫
M
log ‖s‖2Hπ∗
(
λ
m
(
√−1∂∂¯φ)n+1 ∧ ωm−1H −
1
n+ 2
(
√−1∂∂¯φ)n+2 ∧ ωm−2H
)
− 1
n+ 1
∫
M
log ‖s‖2Hπ∗
(
λ
m
(
√−1∂∂¯ψ)n+1 ∧ ωm−1H −
1
n+ 2
(
√−1∂∂¯ψ)n+2 ∧ ωm−2H
)
.
(1.28)
Since
π∗
(
λ
m
(
√−1∂∂¯φ)n+1 ∧ ωm−1H
)
= (n+ 1)
λ
m2
trωH c(φ)(
√−1∂∂¯φ)n ∧ ωmH
and
π∗
(
1
n+ 2
(
√−1∂∂¯φ)n+2 ∧ ωm−2H
)
=
n+ 1
2m(m− 1)((trωH c(φ))
2 − |c(φ)|2ωH )(
√−1∂∂¯φ)n ∧ ωmH ,
one gets
1
n+ 1
π∗
(
λ
m
(
√−1∂∂¯φ)n+1 ∧ ωm−1H −
1
n+ 2
(
√−1∂∂¯φ)n+2 ∧ ωm−2H
)
/ωmH
= π∗
(
(
λ
m2
trωHc(φ) −
1
2m(m− 1)((trωH c(φ))
2 − |c(φ)|2ωH ))(
√−1∂∂¯φ)n
)
= π∗
((
− 1
2m2
(trωH c(φ) − λ)2 +
1
2m2(m− 1)(m|c(φ)|
2
ωH
− (trωH c(φ))2) +
λ2
2m2
)
(
√−1∂∂¯φ)n
)
≥ − 1
2m2
π∗
(
(trωH c(φ) − λ)2(
√−1∂∂¯φ)n) ,
(1.29)
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where the last inequality holds by the mean inequality. From (1.28) and (1.29), one has∫
M
log ‖s‖2H
√−1∂∂¯
(
λ
m
E(φ,ψ) ∧ ωH − 1
n+ 1
E1(φ,ψ)
)
∧ ωm−2H
≤
(∫
M
(− 1
2m2
log ‖s‖2H)ωmH
)
max
p∈M
∫
Xp
(trωH c(φ)− λ)2(
√−1∂∂¯φ)n
+
1
n+ 1
∫
M
− log ‖s‖2Hπ∗
(
λ
m
(
√−1∂∂¯ψ)n+1 ∧ ωm−1H −
1
n+ 2
(
√−1∂∂¯ψ)n+2 ∧ ωm−2H
)
.
By (1.27), it follows that
LM(φ,ψ) ≥ 1
m− 1LV (φ,ψ) − Cmaxp∈M
∫
Xp
(trωH c(φ)− λ)2(
√−1∂∂¯φ)n − C1,(1.30)
where
C =
1
4πm(m!)
∫
M
(− log ‖s‖2H)ωmH
and
C1 =
1
2π(n + 1)((m− 1)!)
∫
M
− log ‖s‖2Hπ∗
(
λ
m
(
√−1∂∂¯ψ)n+1 ∧ ωm−1H −
1
n+ 2
(
√−1∂∂¯ψ)n+2 ∧ ωm−2H
)
.

2. Geodesic-Einstein metrics and notions of stabilities
In this section, we introduce certain stabilities of a triple (X ,M,L) and discuss the relation-
ships between geodesic-Einstein metrics and these stabilities.
A fibration Y → M − S, with S a closed subvariety in M of codimS ≥ 2, is called a sub-
fibration of the holomorphic fibration X →M if for any p ∈M − S, the fiber Yp is a complex
closed submanifold of the fiber Xp. Let F be the set of sub-fibrations of the holomorphic
fibration X →M . Set for any Y ∈ F,
λY ,L =
2πm
dimY/M + 1
([ω]m−1c1(L)
dimY/M+1)[Y]
([ω]mc1(L)dimY/M )[Y]
.(2.1)
Note that λY ,L is well defined and independent of the metrics on L by the Stoke’s theorem
and codimS ≥ 2.
Now we introduce some notions of the stability of a triple (X ,M,L).
Definition 2.1. A triple (X ,M,L) is called nonlinear semistable (resp. nonlinear stable) if
λY ,L ≥ λX ,L (resp. λY ,L > λX ,L) for any sub-fibration Y ∈ F with dimY < dimX .
We have the following theorem.
Theorem 2.2. If L admits a geodesic-Einstein metric, then the triple (X ,M,L) is nonlinear
semistable.
Proof. For any sub-fibration Y ∈ F with dimY/M = n′. We make the following convention for
indices:
1 ≤ a, b, c, d ≤ n, 1 ≤ i, j, k, l ≤ n′,
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and use the local admissible coordinate systems (v1, · · · , vn′ , · · · , vn) on the fibres of X such
that (v1, · · · , vn′ , 0, · · · , 0) ∈ Y. It is clear that such local admissible coordinate systems are
always exist.
For any φ ∈ F+(L), let φ|Y be the restriction of φ on the line bundle L|Y over the sub-
fibration Y → M − S. Let c(φ|Y ) denote the geodesic curvature of φ|Y which is defined
similarly to (1.7). By Lemma 2.4, which will be proved later, one has
c(φ)|Y − c(φ|Y ) =
(
(φαβ¯ − φαb¯φb¯aφaβ¯)− (φαβ¯ − φαj¯φj¯kφkβ¯)
)√−1dzα ∧ dz¯β
= (φαj¯φ
j¯kφkβ¯ − φαb¯φb¯aφaβ¯)
√−1dzα ∧ dz¯β ≤ 0,
(2.2)
where the last inequality holds by setting B = (φij¯), A2 = (φαj¯),D = (φAB¯), E = (φαB¯) in the
following Lemma 2.4. Thus, when φ is geodesic-Einstein, one gets
λY ,L =
2πm
n′ + 1
([ω]m−1c1(L)
n′+1)[Y]
([ω]mc1(L)n
′)[Y]
=
m
n′ + 1
(ωm−1(
√−1∂∂¯(φ|Y ))n′+1)[Y]
(ωm(
√−1∂∂¯(φ|Y ))n′)[Y]
=
(trωc(φ|Y)ωm(
√−1∂∂¯(φ|Y))n′)[Y]
(ωm(
√−1∂∂¯(φ|Y))n′)[Y]
≥ (trωc(φ)ω
m(
√−1∂∂¯(φ|Y ))n′)[Y]
(ωm(
√−1∂∂¯(φ|Y))n′)[Y]
= trωc(φ) = λX ,L.
(2.3)
The proof is complete. 
Remark 2.3. Note that from the inequalities in (2.3), we find that if φ is a geodesic-Einstein
metric on L, then for any Y ∈ F with λY ,L = λX ,L, the restriction metric φ|Y satisfies c(φ|Y ) =
c(φ)|Y . Moreover, φ|Y is also geodesic-Einstein on L|Y , that is, trωc(φ|Y ) = λY ,L.
Lemma 2.4. Consider the following block matrix with A = A¯⊤,
A :=


A1 A2 A3
A¯⊤2 B2 B3
A¯⊤3 B¯
⊤
3 C3

 = [ A1 E
E¯⊤ D
]
,
where D is a positive definite matrix, then ED−1E¯⊤ − A2B−12 A¯⊤2 is a semipositive definite
matrix.
Proof. Since D is a positive definite matrix, so B2 is also a positive definite matrix. By a direct
computation, one has[
I 0
−B¯⊤3 B−12 I
]
D
[
I −B−12 B3
0 I
]
=
[
B2 0
0 C3 − B¯⊤3 B−12 B3
]
.
So C3 − B¯⊤3 B−12 B3 is a positive definite matrix and
D−1 =
[
I −B−12 B3
0 I
][
B−12 0
0 (C3 − B¯⊤3 B−12 B3)−1
][
I 0
−B¯⊤3 B−12 I
]
.
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Therefore,
ED−1E¯⊤ = [A2, A3]
[
I −B−12 B3
0 I
][
B−12 0
0 (C3 − B¯⊤3 B−12 B3)−1
] [
I 0
−B¯⊤3 B−12 I
]
[A¯2, A¯3]
⊤
= A2B
−1
2 A¯
⊤
2 + (A3 −A2B−12 B3)(C3 − B¯⊤3 B−12 B3)−1(A3 −A2B−12 B3)T .
So
ED−1E¯⊤ −A2B−12 A¯⊤2 = (A3 −A2B−12 B3)(C3 − B¯⊤3 B−12 B3)−1(A3 −A2B−12 B3)T(2.4)
is a semipositive definite matrix. 
Definition 2.5. The triple (X ,M,L) is called nonlinear polystable if there exists a filtration
X0 := X ⊃ X1 ⊃ · · · ⊃ XN ,(2.5)
where (Xi, Si, L) is a maximal nonlinear semistable sub-fibration of (Xi−1, Si−1, L) with λXi,L =
λXi−1,L for 1 ≤ i ≤ N , and (XN ,M −SN , L) is also nonlinear stable, and moreover, there exists
a family of metrics φi−1 ∈ F+(L|Xi−1) such that c(φi−1)|Xi = c(φi−1|Xi).
Clearly, a nonlinear stable triple (X ,M,L) must be nonlinear polystable. Moreover, we have
Theorem 2.6. If L admits a geodesic-Einstein metric, then the triple (X ,M,L) is nonlinear
polystable.
Proof. Since L admits a geodesic-Einstein metric, so by Theorem 2.2, it is nonlinear semistable.
If λY ,L > λX ,L for all Y ∈ F, then the triple (X ,M,L) is nonlinear stable and so it is nonlinear
polystable; otherwise, there exists a maximal sub-fibration X1 ⊂ X such that λX1,L = λX ,L.
Thus, by Remark 2.3, one has
c(φ)|X1 = c(φ|X1).
Now by induction, the proof is complete. 
3. A special fibration: the projective bundles
The curvature of direct image sheaf has been computed in ([2], [3], [4], [20]). In this section,
we will first review some works of Berndtsson on L2 metrics and then discuss the relationships
of the geodesic-Einstein metrics on a relative ample bundle L over a holomorphic fibration and
the L2 metrics on the related direct image bundles. Finally, we study the special holomorphic
fibration π : P (E) := (E − {0})/C∗ → M associated to a holomorphic vector bundle E →
(M,ω).
3.1. L2 metrics on direct image bundles. For any admissible metric φ on a relative ample
line bundle L over a holomorphic fibration π : X → M , we consider the direct image sheaf
E := π∗(KX/M + L). Then E is a holomorphic vector bundle. In fact, for any point p ∈ M ,
taking a local coordinate neighborhood (U ; {zα}) of p, then φ + β∑mα=1 |zα|2 is a metric on
the line bundle L→ X|U , whose curvature is
√−1∂∂¯φ+ β√−1
m∑
α=1
dzα ∧ dz¯β.
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By taking β large enough, the curvature of φ+ β
∑m
α=1 |zα|2 is positive. The same argument
as in [2, §4, page 542], there exists a local holomorphic frame for E. So E is a holomorphic
vector bundle.
Following Berndtsson (cf. [2], [3], [4]), we define the following L2 metric on the direct image
bundle E := π∗(KX/M + L): for any u ∈ Ep ≡ H0(Xp, (L+KX/M )p), p ∈M , then we define
‖u‖2 =
∫
Xp
|u|2e−φ.(3.1)
Note that u can be written locally as u = fdv ∧ e, where e is a local holomorphic frame for
L|X , and so locally
|u|2e−φ = (√−1)n2 |f |2|e|2dv ∧ dv¯ = (√−1)n2 |f |2e−φdv ∧ dv¯,
where dv = dv1 ∧ · · · ∧ dvn is the fiber volume.
The following theorem actually was proved by Berndtsson in [4, Theorem 1.2], here we will
give a proof for reader’s convenience.
Theorem 3.1 ([4, Theorem 1.2]). For any p ∈M and let u ∈ Ep, one has
〈√−1ΘEu, u〉 =
∫
π−1(p)
c(φ)|u|2e−φ + 〈(1 +′)−1i∂¯V δ
δzα
u, i∂¯V δ
δzβ
u〉√−1dzα ∧ dz¯β ,(3.2)
where ΘE denotes the curvature of the Chern connection on E with the L2 metric defined above,
here ′ = ∇′∇′∗ + ∇′∗∇ is the Laplacian on L|π−1(p)-valued forms on π−1(p) defined by the
(1, 0)-part of the Chern connection on L|π−1(p).
Proof. For any local holomorphic section u of E, following Berndtsson,
∂¯u = dzα ∧ ηα, D′u = (Πholoµα)dzα(3.3)
where ∂φu = dzα ∧ µα, ∂φ = eφ∂e−φ, Πholo is the projection on the space of holomorphic
sections.
By a direct computation, we have
√−1∂∂¯‖u‖2 = √−1∂∂¯π∗((
√−1)n2u ∧ ue−φ)
= −π∗(∂∂¯φ(
√−1)n2u ∧ ue−φ) + π∗((
√−1)n2µα ∧ µβe−φ)
√−1dzα ∧ dz¯β
+ π∗((
√−1)n2ηα ∧ ηβe−φ)
√−1dzα ∧ dz¯β .
(3.4)
For any element u of E, we can take a canonical representation u of u, u = u′δv⊗e, where u′
is a local smooth function and holomorphic when restricting on each fiber, δv = δv1 ∧ · · · ∧ δvn
and e is a local frame of L. Then
u = eiN (u0)(3.5)
where N = φil¯φl¯αdz
α ⊗ ∂
∂vi
, eiN =
∑∞
k=0
ikN
k! , u
0 = u′dv ⊗ e. So
∂¯u = ∂¯eiN (u0) = eiN (∂¯u0 + i∂¯Nu
0).(3.6)
Comparing with (3.3), one has
∂¯u = eiN (i∂¯Nu
0) = −dzα ∧ eiN (i∂¯ δ
δzα
u0),(3.7)
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so ηα = −eiN (i∂¯ δ
δzα
u0).
When restricting on each fiber, ηα = −i∂¯V δ
δzα
u0 and so
−ηα ∧ ∂∂¯φ = i∂¯V δ
δzα
u0 ∧ ∂∂¯φ = −u0 ∧ ∂¯2φα = 0,(3.8)
i.e. η is primitive on each fiber. It follows that
π∗((
√−1)n2ηα ∧ ηβe−φ)
√−1dzα ∧ dz¯β = −〈ηα, ηβ〉,(3.9)
where 〈•, •〉 denotes the Hermitian inner induced by the Hermitian line bundle (L, φ) and
(π−1(p), ∂∂¯φ|π−1(p)).
Moreover, if the holomorphic section u of E satisfies D′u = 0 at the point p, that is, µα is
orthogonal to holomorphic forms. When restricting on the center fiber π−1(p),
dzα ∧ ∂¯µα = −∂¯∂φu = ∂φ∂¯u = −dzα ∧ ∂φηα = −dzα ∧ ∇′ηα,(3.10)
so ∂¯µα = −∇′ηα. Since µα is the L2 minimal solution, so
µα = −∂¯∗(′′)−1∇′ηα.(3.11)
Then
〈ηα, ηβ〉 − 〈µα, µβ〉 = 〈ηα, ηβ〉 − 〈−∂¯∗(′′)−1∇′ηα, µβ〉
= 〈ηα, ηβ〉 − 〈(′ + 1)−1∇′ηα,∇′ηβ〉
= 〈ηα, ηβ〉 − 〈(′ + 1)−1′ηα, ηβ〉
= 〈(′ + 1)−1ηα, ηβ〉.
(3.12)
On the other hand, by Lemma 1.1, we have
√−1π∗(∂∂¯φ(
√−1)n2u ∧ ue−φ) =
∫
π−1(p)
c(φ)|u|2e−φ.(3.13)
For any element u of Ep, one can take a local holomorphic extension of u and such that
D′u = 0 at p. From (3.4), (3.9), (3.12) and (3.13), one has at the point p,
〈√−1ΘEu, u〉 = −√−1∂∂¯‖u‖2
=
∫
π−1(p)
c(φ)|u|2e−φ + 〈(1 +′)−1i∂¯V δ
δzα
u, i∂¯V δ
δzβ
u〉√−1dzα ∧ dz¯β ,(3.14)
which completes the proof. 
Taking trace to both sides of (3.2) and by the semipositivity of the second term in the right
hand side of (3.2), one has
gαβ¯〈ΘEαβ¯u, u〉 ≥
∫
π−1(p)
trωc(φ)|u|2e−φ.(3.15)
From this we have the following proposition.
Proposition 3.2. If L admits a geodesic-Einstein metric φ, then one has
degE
rankE
≥ Volω(M)
2πm
λX ,L,(3.16)
where degE := (c1(E) ∧ [ω]m−1)[M ], Volω(M) = ωm[M ].
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Proof. Let {uA}, 1 ≤ A ≤ rankE, be a local holomorphic frame of E, and h denote the L2
metric on E. Set
hAB¯ = 〈uA, uB〉 =
∫
Xp
uAuBe
−φ.
Since φ is geodesic-Einstein, then from (3.15), one has for any u =
∑rankE
A=1 a
AuA ∈ E ,
gαβ¯Θαβ¯AB¯a
Aa¯B ≥ λX ,LhAB¯aAa¯B ,
and then by taking trace with respect to the L2 metric h, one gets
gαβ¯Rαβ¯ := g
αβ¯Θαβ¯AB¯h
AB¯ ≥ λX ,L · rankE.
Integrating both sides of the above inequality over M , one has
λX ,L ≤ degE
rankE
2πm
Volω(M)
,
from which the proposition follows. 
From Proposition 3.2, we have the following corollary.
Corollary 3.3. If φ is a geodesic-Einstein metric on L, then
degE
rankE
=
Volω(M)
2πm
λX ,L(3.17)
if and only if the induced L2 metric (3.1) is a Hermitian-Einstein metric on E = π∗(L+KX/M ).
Proof. If (3.17) holds, then all equalities in the proof of Proposition 3.2 hold. In particular,
one has
gαβ¯Θαβ¯AB¯ = λhAB¯ ,(3.18)
that is, the induced L2 metric (3.1) on E is a Hermitian-Einstein metric. The converse part is
obvious. 
Now we consider the asymptotic behavior of the corresponding quantities degE
(k)
rankE(k)
when
replacing L by Lk as k →∞. Firstly, by Bergman Kernel expansion, one has
rank(π∗(L
k +KX/M )) = dimH
0(Xy, Lk +KX/M |y) = b0kn + b1kn−1 +O(kn−2),(3.19)
where
b0 := π∗
(
c1(L)
n
n!
)
, b1 = π∗
(
c1(L)
n−1c1(KX/M )
2(n − 1)!
)
.(3.20)
On the other hand, one has for any complex vector bundle E,
ch(E) = rankE + c1 +
1
2
(c21 − 2c2) +
1
6
(c31 − 3c1c2 + c3) + · · ·
and
Td(E) = 1 +
1
2
c1 +
1
12
(c21 + c2) +
1
24
c1c2 + · · · .
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So from the Grothendieck-Riemann-Roch Theorem and Kodaira vanishing theorem, one gets
c1(π∗(L
k +KX/M )) = c1(π!(L
k +KX/M ))
=
{
π∗(ch(L
k +KX/M )Td(TX/M ))
}(1,1)
= π∗
(
c1(L)
n+1
(n+ 1)!
)
kn+1 + π∗
(
1
2
c1(L)
n
n!
c1(KX/M )
)
kn +O(kn−1).
Now by setting E(k) := π∗(L
k +KX/M ), one has
degE(k) = (c1(π∗(L
k +KX/M ))[ω]
m−1)[M ] = a0k
n+1 + a1k
n +O(kn−1),(3.21)
where
a0 =
(
c1(L)
n+1
(n+ 1)!
[ω]m−1
)
[X ], a1 =
(
1
2
c1(L)
n
n!
c1(KX/M )[ω]
m−1
)
[X ].(3.22)
Hence, by (3.19) and (3.21), one has
degE(k)
rankE(k)
=
1
n+ 1
(c1(L)
n+1[ω]m−1)[X ]
c1(L)n[X/M ] k +DF (X , L) +O(k
−1).(3.23)
where
DF (X , L) := a1b0 − a0b1
b20
,(3.24)
which can be viewed as an analogue of the Donaldson-Futaki invariant (cf. [10]) on the ob-
struction for the existence of geodesic-Einstein metrics.
Proposition 3.4. If DF (X , L) < 0, then there exists no geodesic-Einstein metrics on L.
Proof. By (3.23), if DF (X , L) < 0, one has
degE(k)
rankE(k)
<
1
n+ 1
(c1(L)
n+1[ω]m−1)[X ]
c1(L)n[X/M ] k =
1
n+ 1
(c1(L
k)n+1[ω]m−1)[X ]
c1(Lk)n[X/M ] =
Volω(M)
2πm
λX ,Lk
for k > 0 large enough. Therefore, by Proposition 3.2, there exists no geodesic-Einstein metric
on Lk and so on L. In fact, if φ is a geodesic-Einstein metric on L, then induced metric kφ on
Lk satisfies
trωc(kφ) = ktrωc(φ) = kλ,
i.e. kφ is a geodesic-Einstein metric on Lk and this yields a contradiction. 
3.2. Projective bundles. For any holomorphic vector bundle E → M of rank r, let π :
P (E∗) → M be the associated projective fibre bundle to the dual bundle E∗ → M , and
OP (E∗)(1) the hyperplane line bundle over P (E∗). Clearly, the line bundle OP (E∗)(1)→ P (E∗)
is relative ample over the holomorphic fibration π : P (E∗)→M . Also by Lemma 5.37 in [24],
one knows that
E = π∗(OP (E∗)(1)).(3.25)
By Proposition 2.2 in [17], one has
KX/M = KP (E∗)/M = π
∗(detE)− rOP (E∗)(1).(3.26)
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Set
L = OP (E∗)(1)−KX/M = (r + 1)OP (E∗)(1) − π∗(detE),(3.27)
which is also a relative ample line bundle over P (E∗). Then
E = π∗(OP (E∗)(1)) = π∗(L+KX/M ).(3.28)
By a direct computation, one has
π∗(c1(L)
r)
π∗(c1(L)r−1)
=
π∗(((r + 1)c1(OP (E∗)(1)) − c1(detE))r)
(r + 1)r−1π∗(c1(OP (E∗)(1))r−1)
=
(r + 1)rπ∗(c1(OP (E∗)(1))r)− r(r + 1)r−1π∗(c1(OP (E∗)(1))r−1)c1(E)
(r + 1)r−1π∗(c1(OP (E∗)(1))r−1)
= c1(E).
(3.29)
From above equality, one obtains that
degE
rankE
=
(c1(L)
r ∧ [ω]m−1)[P (E∗)]
r(c1(L)r−1)[P (E∗)/M ]
=
Volω(M)
2πm
λP (E∗),L.
(3.30)
For any metric φ on OP (E∗)(1), the first Chern class c1(E) can be written as (cf. [12])
c1(E) = π∗c1(OP (E∗)(1))r =
[(
1
2π
)r
π∗(rc(φ)(
√−1∂∂¯φ)r−1)
]
.
Also by a conformal transformation (cf. [18], Proposition 2.2.23), one can find some metric φE
such that
c1(detE,φE) =
(
1
2π
)r
π∗(rc(φ)(
√−1∂∂¯φ)r−1).
When φ is geodesic-Einstein, we have
trωc1(detE,φE) =
1
2π
rtrωc(φ) = constant.
So from (3.27), the induced φL = (r + 1)φ − φE on L is also geodesic-Einstein. In fact, since
φE is independent of fibers, so
trωc(φL) = trωc((r + 1)φ− φE) = (r + 1)trωc(φ) − trωc1(detE,φE) = constant.(3.31)
By (3.28), (3.30), (3.31) and Corollary 3.3, we have
Proposition 3.5. If OP (E∗)(1) admits a geodesic-Einstein metric, then the induced L2 metric
on E is a Hermitian-Einstein metric.
For a holomorphic vector bundle E → M , Kobayashi [16] established a correspondence
between the Finsler metrics G on E and the Hermitian metrics φ on the hyperplane line bundle
OP (E)(1) → P (E) with ∂∂¯φ = ∂∂¯ logG and defined the notion of the Finsler-Einstein metric
on E over a Ka¨hler manifold manifold M (more details, cf. [16], [12], [13]). As applications,
we have
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Lemma 3.6. A strongly pseudo-convex Finsler metric G on E is Finsler-Einstein if and only
if the corresponding metric φ on OP (E)(1) is geodesic-Einstein.
Proof. For any Finsler metric G on E, let φ be the corresponding Hermitian metric on the line
bundle OP (E)(1), which is also an admissible metric on OP (E)(1) (cf. [16], [12], [13]). With
respect to a holomorphic trivialization of E →M , by the standard procedure, one gets a local
homogeneous holomorphic coordinate system {[ζ]|ζ = (ζ1, · · · , ζr) 6= 0} on the fibres of P (E).
For a point p ∈ P (E), without loss of generality, we assume that ζ1(p) 6= 0 and denote
va = ζ
a
ζ1 , 2 ≤ a ≤ r. Then we have
∂
∂ζ1
= − ζ
a
(ζ1)2
∂
∂va
∂
∂ζa
=
1
ζ1
∂
∂va
, 2 ≤ a ≤ r.
Denote by ((logG)ab)2≤a,b≤r (resp. (G
ij¯)1≤i,j≤r) the inverse of the matrix
(
∂2 logG
∂vav¯b
)
2≤a,b≤r
(resp.
(
∂2G
∂ζi∂ζ¯j
)
1≤i,j≤r
). Then
(logG)b¯a =
G
|ζ1|2
(
−ζ
a
ζ1
Gb¯1 +Gb¯a +
ζ¯bζa
|ζ1|2G
1¯1 − ζ¯
b
ζ¯1
G1¯a
)
.
By a direct computation, one gets
c(φ) =
√−1(φαβ¯ − φαb¯φb¯aφaβ¯)dzα ∧ dz¯β = −
√−1Kij¯αβ¯
viv¯j
G
dzα ∧ dz¯β := −Ψ,(3.32)
where Ψ := Kij¯αβ¯
viv¯j
G is the Kobayashi curvature of the Finsler metric G (cf. [12], (1.21)).
Now the lemma is follows directly from (3.32) and the definitions of the Finsler-Einstein metric
(cf. [12], Definition 3.1) and the geodesic-Einstein metric. 
Theorem 3.7. E admits a Finsler-Einstein metric if and only if E admits a Hermitian-
Einstein metric.
Proof. One direction is obvious, since a Hermitian-Einstein metric must be a Finsler-Einstein
metric.
Conversely, if E admits a Finsler-Einstein metric G, then by Lemma 3.6, the induced metric
φ is a geodesic-Einstein metric on OP (E)(1). So from Proposition 3.5, the induced L2 metric
(3.1) is a Hermitian-Einstein metric on E∗. Therefore, the dual Hermitian metric on E is also
a Hermitian-Einstein metric. 
Next, we will discuss some relations between the nonlinear stability of the holomorphic
fibration (P (E),M,OP (E)(1)) and the stability of the holomorphic vector bundle E.
Proposition 3.8. (1) If (P (E),M,OP (E)(1)) is nonlinear semistable (resp. nonlinear sta-
ble), then E is semistable (resp. stable).
(2) If E is polystable, then (P (E),M,OP (E)(1)) is nonlinear polystable.
Proof. (1) For any coherent subsheaf F of O(E), F = F|M−S is actually a holomorphic
vector bundle over M − S for some subvariety S of M of codim(S) ≥ 2. So P (F ) →
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M − S is a subfibration of P (E)→M . Then
degω F
rankF =
∫
M c1(F ) ∧ ωm−1
rankF
= −([ω]
m−1c1(OP (F )(1))rankF )[P (F )]
rankF
= −Volω(M)
2πm
λP (F ),OP (F )(1).
(3.33)
If (P (E),M,OP (E)(1)) is nonlinear semistable (resp. nonlinear stable), then
λP (F ),OP (F )(1) ≥ (resp. >)λP (E),OP (E)(1).(3.34)
From (3.33) and (3.34), one has
degω F
rankF ≤ (resp. <)
degω E
rankE
.(3.35)
So E is semistable (resp. stable).
(2) If E is a holomorphic ploystable vector bundle over M , by Donaldson-Uhlenbeck-Yau
Theorem (cf. [25]), there exists a Hermitian-Einstein metric on E. From Theorem
3.7, Lemma 3.6 and Theorem 2.6, one knows that (P (E),M,OP (E)(1)) is nonlinear
polystable.

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